AMC 10/12 Prep Circle Geometry Questions 2015 to 2018 With Solution
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Note that by symmetry, AA’ B'C" is also equilateral. Therefore, we only need to find one of the sides of
A’ B'C" to determine the area ratio. WLOG, let AB = BC = C' A = 1. Therefore, BB’ = 3 and
BC’ = 4. Also, ZB'BC" = 120°, so by the Law of Cosines, B'C’ = v/37. Therefore, the answer is

(V37)2: 12 =|(E) 37: 1
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A quadrilateral is inscribed in a circle of radius 200v/2. Three of the sides of this quadrilateral have length
200. What is the length of the fourth side?

(A)200 (B)200v/2 (C)200v/3 (D) 3002 (E) 500
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Let AD intersect OB at Eand OC at F.

N
AB=BC=CD=40

1
/BAD = §-BCD=0=ZAOB

From there, AOAB ~ AABE, thus:
OA AB OB
AB ~ BE AE
0OA B
OA = OB because they are both radii of ®O. Since — 1B~ A% we have that AB = AE. Similarly,
CD = DF.

OE =100v2 = ?andEF: % =100, so0

AD = AE + EF + FD = 200 + 100 + 200 = | (E) 500
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In the figure shown below, ABC DE is a regular pentagon and AG = 1. Whatis FG + JH + CD?
A

D C

5+ 2v5

(A)3  (B)12-4V5  (C) € 1+VE  (B) 11+ 11v5

10
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Triangle AF'G is isosceles, so AG = AF = 1. F'J = FG since AFGJ is also isosceles. Using the
symmetry of pentagon FGH I J, notice that AJHG = NAFG. Therefore, JH = AF = 1.

Since ANAJH ~ NAFG,

JH___FG
AF+FJ FA

1 FG
1+FG 1
1=FG?+ FG

FG* + FG-1=0

-1 5
FG = i\/_
2
-1 5
So, F'G = +\/_ since I'G must be greater than 0.
-14+v5 145

Noticethat CD = AE = AJ = AF +FJ =1+

2 2

ﬂ+1+1+2\/5: D)14+V5

Therefore, FG + JH + CD =
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When you first see this problem you can't help but see similar triangles. But this shape is filled with

36 — 72 — T2 triangles throwing us off. First, let us write our answer in terms of one side length. | chose
to write it in terms of F'G so we can apply similar triangles easily. To simplify the process lets write F'G
as .

First what is J H in terms of z, also remember AJ =1 + x:

JH T
14+ - 1
JH=2>+=z
Next, find DC' in terms of z, also remember AD = 2 + x:
DC T
2+ - 1
DC =22+ 2z

So adding all the FG + JH + CD we get 222 + 42. Now we have to find out what x is. For this, we
break out a bit of trig. Let's look at A AF'G By the law of sines:

T _ 1
sin(36) ~ sin(72)




image14.png
__s1n(9b)
~ sin(72)

Now by the double angle identities in trig. sin(72) = 2sin(36)cos(36) substituting in
1
T=——
2c0s(36)

A good thing to memorize for AMC and AIME is the exact values for all the nice sines and cosines. You

would then know that: cos(36)=
1+v5
4

so now we know:

2 —1++5
xr = =
145 2

(D) 1+5

Substituting back into 222 + 42 we get FG + JH + CD =
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Triangle ABC'is an isosceles right triangle with AB = AC = 3. Let M be the midpoint of hypotenuse
BC. Points I and E lie on sides AC and AB, respectively, so that AI > AF and AIME is a cyclic

a b
quadrilateral. Given that triangle E'M I has area 2, the length C'I can be written as , where a, b,
c
and c are positive integers and b is not divisible by the square of any prime. What is the value of a + b + ¢
?

(A)9 (B)10 (C)1l (D)12 (E)13
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Observe that A F'M I is isosceles right (M is the midpoint of diameter arc ET), so
3
MI =2, MC = —. With ZM CI = 45° we can use Law of Cosines to determine that

V2
347
CI = + V7

. The same calculations hold for BE also, and since CI < BE, we deduce that C1 is
the smaller root, giving the answer of . (trumpeter)

Solution 2 (Using Ptolemy)

We first claim that AEM I is isosceles and right.

Proof: Construct MF' 1. AB and MG 1L AC. Since AM bisects Z BAC, one can deduce that
MF = MG.Then by AAS it is clear that M I = M E and therefore AE M I is isosceles. Since
quadrilateral AI M E'is cyclic, one can deduce that ZE M1 = 90°. Q.E.D.

Since theareaof AEM I is2,wecanfindthat MI = ME =2, FEI = 2v2

3v2

Since M is the mid-point of %, itis clear that AM = T

Now let AE = a and AI = b. By Ptolemy's Theorem, in cyclic quadrilateral AI M E, we have
2a + 2b = 6. By Pythagorean Theorem, we have a® 4 b? = 8. One can solve the simultaneous system

3+ VT — 3 -7
and find b = \/_ Then by deducting the length of AI from3wegetCI = V7

answer of . (Surefire2019)

, giving the
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The diameter AB of a circle of radius 2 is extended to a point D outside the circle so that BD = 3. Point
E is chosen so that ED = 5 and line ED is perpendicular to line AD. Segment AF intersects the circle
at a point C between A and E. What is the area of AABC?

20 40 45 40 20
W @y ©5 O ®-
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AB is the diameter of the circle, so ZAC Biis a right angle, and therefore by AA similarity,
NACB ~ ANADE.

Because of this Ac = AB AC = 2+2 so AC = ﬁ
"AD ~ AE 24243 /72152 V74
Likewise, BC = AB BC = 4 so BC = 2_0
"ED AE 5 V74 V74
Thus the area of AABC = 1 . 2—8 . 2—0 =|(D) @ .
2 74 V74 37
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In AABC with side lengths AB = 13, AC' = 12,and BC = 5, let O and I denote the circumcenter
and incenter, respectively. A circle with center M is tangent to the legs AC and BC and to the
circumcircle of AABC. What is the area of AMOI?

(A)5/2 (B)11/4 (C)3 (D)13/4 (E)7/2
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Let the triangle have coordinates (0, 0), (5, 0), (0, 12). Then the coordinates of the incenter and
circumcenter are (2, 2) and (6, 2.5), respectively. If we let M = (z, ), then z satisfies

\/(2.5—x)2+(6—x)2+x=6.5

252 -5z + a2+ 6% — 12z + 22 = 6.52 — 13z + a2
2> =(54+12 - 13)x

r#0 = z=4.

Now the area of our triangle can be calculated with the Shoelace Theorem. The answer turns out to be
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In APAT, /P = 36°, /A = 56°,and PA = 10.Points U and G lie on sides TP and T 4,
respectively, so that PU = AG = 1.Let M and N be the midpoints of segments PA and UG,
respectively. What is the degree measure of the acute angle formed by lines M N and PA?

(A)76 (B)77 (C)78 (D)79  (E)80
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Let P be the origin, and P A lie on the x axis.
We can find U = (cos(36), sin(36)) and G = (10 — cos(56), sin(56))
10 + cos(36) — cos(56) sin(36) + sin(56)
2 ’ 2 )
Notice that the tangent of our desired points is the the absolute difference between the y coordinates of
the two points divided by the absolute difference between the x coordinates of the two points.

Then, we have M = (5,0)and N = (

This evaluates to
sin(36) + sin(56)
cos(36) — cos(56)
Now, using sum to product identities, we have this equal to
2sin(46) cos(10)  sin(80)
—2sin(46) sin(—10)  cos(80)

so the answer is | (E). | (lifeisgood03)

= tan(80)
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Real numbers x and y are chosen independently and uniformly at random from the interval [0, 1]. Which of
the following numbers is closest to the probability that &, v, and 1 are the side lengths of an obtuse

triangle?
(A) 0.21 (B) 0.25 (C) 0.29 (D) 0.50 (E) 0.79
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The Pythagorean Inequality tells us that in an obtuse triangle, a® + b? < ¢ The triangle inequality tells us
thata + b > c. So, we have two inequalities:

4y’ <1
r+y>1
1
The first equation is 1 of a circle with radius 1, and the second equation is a line from (0, 1) to (1, 0). So,

T 1
the area is 1 3 which is approximately 0.29.
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Quadrilateral ABC D is inscribed in circle O and has side lengths AB = 3, BC' = 2,CD = 6, and

DA = 8. Let X and Y be points on BD hthtDXf1 dBY—HLtEbth't ti
= 8. Let X an e points on suc_a 5D _4an BD ~ 36 e e the intersection

of line AX and the line through Y parallel to AD. Let F' be the intersection of line C' X and the line

through E parallel to AC'. Let G be the point on circle O other than C' that lies on line C' X. What is

XF-XG?

59 — 5/2
3

91 — 12v/3
4

67 — 10v/2

(A) 17 (B) s

(©) (D) (E) 18
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Using the gi ti te that 1 ! 1 4
sin e glven ratios, note that —— = _——— = = —=.
gthes BD 1736 9

By AA Similarity, AAX D ~ AEXY with a ratio of % = % and ANACX ~ AEF X with aratio
S AX_DX_ 9 XF_16

XE XY 16 CX 9’
Now we find the length of B.D. Because the quadrilateral is cyclic, we can simply use the Law of Cosines.

BD? = 3*48%—48 cos ZBAD = 2°4-6°—24 cos(180—£/BAD) = 2°4+6+24 cos /ZBAD

11
— /BAD = —
cos o

— BD = V/51
V51 3v/51

By Power of a Point, CX - XG = DX - XB = T—.Thus

4
XF 51
XF - XG=—-—=CX -XG=—-=|(A)17]
CcX 3 ()
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Ajay is standing at point A near Pontianak, Indonesia, 0° latitude and 110° E longitude. Billy is standing at
point B near Big Baldy Mountain, Idaho, USA, 45° N latitude and 115° W longitude. Assume that Earth is
a perfect sphere with center C. What is the degree measure of ZAC B?

(A) 105  (B) 112% (C)120 (D) 135  (E) 150
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Suppose that Earth is a unit sphere with center (0, 0, 0). We can let

N | =
N —
oI5

[\

A:(l,0,0),B:(— >

1
The angle f between these two vectors satisfies cos§ = A - B = —§,yielding 0 = 120°,or
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Circles w1, wo, and w3 each have radius 4 and are placed in the plane so that each circle is externally
tangent to the other two. Points P, P, and Ps lie on wy, wy, and wj respectively such that

P, P, = P,P; = P3P and line P, P, is tangent to w; for each ¢ = 1, 2, 3, where P, = P,. See the
figure below. The area of APy P, P; can be written in the form \/5 + \/l; for positive integers a and b.
What is a + b?

Py
Py

w3 w2

P,

(A) 546 (B) 548 (C)550 (D) 552  (E) 554
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Let O; be the center of circle w; for ¢ = 1,2, 3, and let K be the intersection of lines O1 P; and O3 Ps.
Because Z P, P, P; = 60°, it follows that AP, K Py is a 30 — 60 — 90°triangle. Let d = P, K; then
PK =2dand P, P, = V/3d. The Law of Cosines in AO, KO, gives

8% = (d+4)* + (2d — 4)*> — 2(d + 4)(2d — 4) cos60°,

which simplifies to 3d? — 12d — 16 = 0. The positive solution is d = 2 + %\/ 21. Then
PP, = V3d =2V3 + Zﬁ, and the required area is

3 2
% (2v3+2V7) = 10v3 + 6V7 = V300 + v252.
The requested sum is 300 + 252 = [552]
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INnAABC,AB =6, AC = 8 BC = 10, and D is the midpoint of BC. What is the sum of the radii of
the circles inscribed in AAD B and AADC?

WVE ®L ©2nF Oy ®3
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We note that by the converse of the Pythagorean Theorem, A ABC'is a right triangle with a right angle at
A. Therefore, AD = BD = CD = 5,and [ADB] = [ADC] = 12. Since A = rs, the inradius of

12 3 12 4
NADBis ————— = —, and the inradius of AADC is ——————— = —. Adding the two
B+5+6)/2 2 B5+5+8)/2 3
17
together, we have | (D) 5!
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Sides AB and AC of equilateral triangle ABC are tangent to a circle at points B and C respectively.
What fraction of the area of A ABC lies outside the circle?

437 1 V3 ow 1
7 "3 ®5 -3 ©3 O®Vi-

4 44/3
(E) 5 - ff

2\/§7r
9
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Let the radius of the circle be 7, and let its center be O. Since AB an_dE aritangent to circle O, then
/ZOBA = Z0CA = 90° so ZBOC = 120°. Therefore, since OB and OC are equal to r, then (pick
(rv3)*V3 B 3r2y/3
4

your favorite method) BC' = rv/3. The area of the equilateral triangle is ,and the

4
1 1 V3 wr? r%/3

area of the sector we are subtracting from it is §7W2 — ET ST -5 = 3 T2 . The area outside
3r2y/3 w2 r2y/3 r?
of the circle is 4\/_ — ( 3 - ;/_ =r?V3 — T Therefore, the answer is

7"2\/3—%2 B 4 437w

wa o |W3T Ty
4
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Let ABC be an equilateral triangle. Extend side AB beyond Bto a point B’ so that BB'i?)AB.
Similarly, extend side BC beyond C to a point C so that CC” = 3BC, and extend side C' A beyond A
to a point A’ so that AA’ = 3C' A. What is the ratio of the area of A A’ B’C” to the area of AABC?

(A)9:1 (B)16:1 (C)25:1 (D)36:1 (E)37:1




